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General Instructions

Reading time — 5 minutes

Working time — 3 hours

Write using black pen

Board-approved calculators may be used

A reference sheet is provided with this paper
Leave your answers in the simplest exact form,
unless otherwise stated

All necessary working should be shown in
every question if full marks are to be awarded
Marks may NOT be awarded for messy or
badly arranged work

In Questions 11-16, show relevant
mathematical reasoning and/or calculations
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Section |

10 marks
Attempt Questions 1-10

Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1-10.

1 Onerootof 22 -3z + (3+i)=0is 1 +i.
What is the other root?

A  1-i
(B) -@+i
<)  2-i
(D) -2+i
2 The Argand diagram shows the complex number z.
Y
2 4
t t X
-3 3
-S4
Which of the following represents 1z ?
(A) (B)
Y ¥
\3“ 3
t t X f X
-2 2 —2 2
_3 34
(©) (D)
* ¥
31 3




1

What is the value of J X(1-x)% dx ?

0

A oo
® oo
© i
O) o

Given that @® = 1, where  is not real.
What is the value of (1 — & + ®)®?

(A) -8
B -1
€ 1
(D) 8

The polynomial P(x) = x® + 3x* — 24x + 28 has a double zero.
What is its value?

A 7
B -4
(O
(D) 4

Without evaluating the integrals, which of the following is false?

r2 1
(A) e dx< J e dx

J1 0

(4 4
(B) tan’x dx < | tan®x dx

J O 0

. x
©) 3—5'2de<f31dx

r2 1
(D) —dx<f — dx
1



Consider the graph of x* + y* = 8.
Which of the following is false?

(A)  There is a vertical tangent at (2, 0) and a horizontal tangent at (0, 2).
(B) y=xisan obligue asymptote.

© % <0 for all values of x and y except forx =0 andy = 0.

(D)  The domain and range are both the set of all real numbers.

Which graph best represents y* + 2x = x*?

(A)
y
\\ /{;
A \\ //,
O \\\\ /‘/2 !
~. e
(B)
Yy ]
~ //,
\\. //
\\\ -~ g
N\ /
0 : x
2
// . \\
// A b .
©)
L JJ f
'.\\. - .’
AN / \ / X
0 2
(D)
J}
— 7
~ ~




The region bounded by the curve y = €%, the line y = x, the y-axis and the line x = 1.5
is rotated about the y-axis to form a solid.

y

y=¢

<
I
b

Using cylindrical shells, which integral represents the volume of this solid?

rl5

(A)  2m| x(x—e”)dx
Jo

rl5

(B) 2r| (”-x)dx

JO

rl5

(C)  2m| (x—e*)dx

JO

r1l5

(D) 27w | x(e*—x)dx

A hotel has three vacant rooms. Each room can accommodate a maximum of three people.
In how many ways can five people be accommodated in the three rooms?

(A) 210
(B) 213
(C) 240
(D) 243



Section 11

90 marks

Attempt Questions 11-16

Allow about 2 hour and 45 minutes for this section

Answer each question in a SEPARATE writing booklet. Extra writing booklets are available.

In Questions 11-16, your responses should include relevant mathematical reasoning and/or
calculations.

Question 11 (15 marks) Use a SEPARATE writing booklet.

@ Find J cosecx dx using t=tan$x

X
x-1

(b) Usingu=x-1, find J dx

(c)  Find J sin® xcos® x dx

4x% —2x A  Bx+C

d i Find A, Band C if = +
@ 0 (x+D(x*+1) x+1 x*+1

4x% - 2X

(i) Hence find | —————dx
(X+D)(x“+1)

(e) The region bounded by y = x*, 0 < x < 2 and the x-axis is rotated about the
line x = 4.
Use the method of cylindrical shells to find the volume generated.

()] Shade the region given by 2 < z+7 < 8 on an Argand diagram,

wherez=x+iyforx,y e R.



Question 12 (15 marks) Use a SEPARATE writing booklet.

(@) Find the quadratic equation whose roots are

2—-iand i
2—1

The coefficients need to be in the form a + ib, where necessary.

(b) Find the square roots of 2— 24/3i.
Express your answers in the form a + ib.

() Q) Express 1—iv3 and 1+iV3 in modulus-argument form.

(i) Hence, using de Moivre’s Theorem, evaluate (l— i\/g)lo +(1+ i\/é)m.

(d)  What is the maximum value of |z | if|z+ 1+ 2i|<1

(e) Sketch on separate diagrams

(i) y=x*-x—-6andhencey=|x-3|(x+2)
(i)  y=3sin2x+ landhence|y|—-1=3sin2x for |x|< .

(iii) y = cos(sin x)



Question 13 (15 marks) Use a SEPARATE writing bookilet.

(@)

(b)

(©)

(d)

The equation y* + 2y — 1 = 0 has roots ¢, Sand .

In each of the following find the polynomial equation which has roots:

(i) —-a, —fBand -y
(i) a?, B and y?

(i)  to, tfandty

Find the equation of the tangent to the curve x® + y® — 3xy — 3 = 0 at the
point (1, 2).

2 2

y

The base of a solid is an ellipse with equation )2(—5+ 6 1.

Z

Every cross section perpendicular to the x-axis is an equilateral triangle, one side
of which lies in the base as shown above in the diagram above.

0] Show that the cross section at P(X, y) has area yzx/g :

(i) Hence find the volume of the slice of thickness dx as a function of x.

(iii)  Find the volume of the solid.

Find the limiting sum of the series 1+%+%+i4+...
5 5 5 5

-10 -



Question 14 (15 marks) Use a SEPARATE writing bookilet.

(@)

The diagram shows two circles intersecting at K and M.

From points A and B on the arc of the larger circle, lines are drawn through M,
to meet the smaller circle at P and Q respectively.

The lines AB and QP meet at O.

Answer on the insert provided.

Q) If 6 = ZKAB give a reason why ZKMQ = 6.

(i) Prove that AKPO is a cyclic quadrilateral.

(ili)  Let o = LZAKM.
Show that if OBMP is a cyclic quadrilateral, then the points
A, K and Q are collinear.

Question 14 continues on page 13

-12 -



Question 14 (continued)

(b)

©)

t ‘ t t $ t X
3 2 'h\\i 1/ 2 3 4
.

The diagram above shows the graph of the function y = f(x) for -3 <x <4.

On the inserts provided sketch the following:

) yxfx)=1

(i) y=11(x)|
@) y=f(x
iv) y=e"

Twelve people are to be seated at two circular tables labelled A and B.

In how many ways can this done if there are five people at table A and the remainder
at table B?

Leave your answer in terms of combinations and factorials.

End of Question 14

-13 -



Question 15 (15 marks) Use a SEPARATE writing booklet.

@) The expansion of (1+%) is

Q) Show that the (r + 1)th term, T__ in the expansion can be written as

VYA

n+1
(i) Similarly, if U_ isthe (r + 1)th term in the expansion of [1+%) :

showthat U  >T

+1°

(b) A particle of mass m kg is dropped from rest in a medium which causes a
resistance of mkv, where v m/s is the particle’s velocity and k is a constant.

Q) Show that the terminal velocity, V. is givenby V, ==,

x|«

(i) Find the time taken to reach a velocity of V_.

(i) Find the distance travelled in this time.

(c) A cube (6 faces) is to be painted using a different colour on each face.
In how many can this be done

Q) using six colours?

(i) using eight colours?

~14 -



Question 16 (15 marks) Use a SEPARATE writing booklet.

(@) Prove by the principle of mathematical induction that for all integral n> 1

n n-1 n-2
tetdt=nte| Lot Uy
nt (n-1)! (n-2)!

[Ignore any constants of integration]

(b) Q) Find the non-real solutions of z' = 1

(i) Express z’ — 1 as a product of linear and quadratic factors,
with real coefficients.

(ili)  Prove that cos3—ﬂ+cos£—cosz—ﬂ: E
7 7 7 2

X2

(© (1) Prove that cot™(2x—1)—cot™*(2x+1) = tan-l(zij
(i)  For a positive integer n, define S as follows:

S:tan‘ll+tan‘1£+tan‘1i+...+tan‘1 1 ,
2 8 18

Express S in simplest form.

(i) SMwmmHmS:%.

N—oo

End of paper

-15-



ME2 THSC Question 14 (a) Student Number
(a)

The diagram shows two circles intersecting at K and M.

From points A and B on the arc of the larger circle, lines are drawn through M,
to meet the smaller circle at P and Q respectively.

The lines AB and QP meet at O.

Q) If 6 = ZKAB give a reason why ZKMQ = 6. 1

(i) Prove that AKPO is a cyclic quadrilateral. 1

Turn over for part (iii)

-17-



(i)  Let o = LAKM.
Show that if OBMP is a cyclic quadrilateral, then the points A, K and Q are collinear.
0

-18 -



ME2 THSC Question 14 (b) Student Number

() yxfx)=1

24
1__
43 D -] 0
=]
@iy y=[f(x]]|
/
24
1*
=3 -5 N 0

-19 -



(iii)

y= f"(x)

(iv)

y=el®

~

-20-
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Suggested Solutions

MC Answers

Q1
Q2
Q3
Q4
Q5
Q6
Q7
Q8
Q9
Q10
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X2 Y12 Assessment THSC 2017 Multiple choice
solutions

Mean (out of 10): 8.83





















Ext 2 Y12 THSC 2017 Q12 solutions

Mean (out of 15): 13.06

0 0.5 1 Mean
0 4 114 0.98

0 0.5 1 1.5 2 Mean
0 2 5 23 88 1.83

Some left there answer in terms of cos.

0 0.5 1 1.5 2 Mean
0 0 3 15 100 1.91

Recognising that the maximum value was achieved by
passing through the centre of the circle was the key to

success.
0 0.5 1 1.5 2 Mean
12 5 4 10 87 1.66

0 0.5 1 1.5 2 Mean
0 1 2 17 98 1.90



0.5

0.5
11

1
11

1
31

1.5
21

1.5
27

2
78

Mean
1.72

2
46

Mean
1.43

0.5

1
15

1.5
18

2
75

Mean
1.63



Ext 2 Y12 THSC 2017 Q13 solutions

Mean (out of 15): 12.63

Some students did not write an equation (leaving out

=0)
0 0.5 1 1.5 2 Mean
1 0 0 14 106 1.94

0 0.5 1 Mean
43 11 64 0.59
Some students left square root signs in their equation
=> not a polynomial equation.
0 0.5 1 1.5 2 Mean
5 6 7 11 89 1.73
0.5 1 1.5 2 Mean

1 4 20 13 80 1.71



0 0.5 1 1.5 2 Mean
2 0 7 1 108 1.90

Some students did not write an expression for the
volume of a slice.

0 0.5 1 1.5 2 Mean
0 2 13 9 94 1.83

0.5 1 1.5 2 Mean
1 1 7 11 98 1.86



Some students just wrote the answer or did not have
working that justified their answer.

0 0.5 1 1.5 2 Mean
45 5 11 3 54 1.07



ME2 THSC Question 14 (b) Student Number

i vXxflx)y=1 j = %‘_l(;% , 5

This question done very well.

"

i y=[AxD]

FARW-Py veuy o
9\4 p\ﬂ [ ;_; ; Aﬂ/j (‘\: ;”F
! e f}, ‘1;\} g}\v—./ r[ BT 1
’\‘ Ei: ¥ \%. - £1,!_.f:'." L§

Some students had some of their curve below
the X-axis. The inside function should be
applied first.

-19-



(i) y= /& 2
Students generally drew the intervals correctly

but many did not indicate that end values are not
Y included.

This was generally done very well.

Half a mark was deducted for not

indicating the value of e*2 on y-axis.
Concavity was not taken into
account on right hand side but
curve should be more steep
between x =2 and 3.

: >X

e '3
-20 -




o

ME2 THSC Question 14 (a) Student Number

(2)

The diagram shows two circles intersecting at K and A4

From points 4 and 5 on the arc of the larger circle, lines are drawn through M,
to meet the smaller circle at P and Q respectively.

The lines 48 and OF meet at O,

(iy  If 6= £KAB give a reason why ZKMQO = 6. L 1
J M@ P g @C\ﬁﬁ/ﬁ{_\\
O€ A Cu C ‘i‘: C /Z A flﬁ waJ Wiid {Jz
¢ ._ A —«é'}f
ey ek %0 SedB ol © ‘? 05Vt
“' This quest|on was done well.
(i) Prove that AKPQ is a cyclic quadrilateral. i
Z.KPCX ;’j-?{i":@\ prr\qf”‘ i Sa
""393.« ": 3
J

\l LKUO‘\ (9, t\'

\

><“*~J ‘-f/“r‘“ L

o
% ZOA JL - Z 4?@ @ > Turn over for paitrflil)

-17- CKV =
N i- <
A KQO [ S Cj C' i \ C' This question was also done weII

Some reasons were a bit sloppy:==

>0
e

AN {5
L

i

o

C_H




goln’

(ili) Leta= ZAKM. 3
Show that if OBMP is a cyclic quadrilateral, then the points 4, K and O are collinear.

(
T o - o (A jﬁw oo sty

msgvmw’\fvﬂ

=N LO@M = I@O"'UL .ijifff—v-':\g Odﬁ_éjljaj:\e
Tha LMK =504 oxt ¢ of cuche

Ny - 190
Lo LAY LMK = e g0k T TC

Most students got this question out. A few did not attempt

: y




uestion 14 (continued)

(b)
Y
|
51 !
} t } t t } >X
3 2 —N 1/ 2 3 4
-1 N
The diagram above shows the graph of the function y = f(x) for -3 <x <4.
On separate diagrams sketch
@ yxf=1 = F(b% 2
. \ ‘
Gy  y=[AxDI h 2
@) y= @ | | 2 i
(v) y=e ™ 2
///"
/ -
7 (c)  Twelve people are to be seated at two circular tables labelled A and B. 2
In how many ways can this done if there are five people at table A and the remainder :
at table B? !

Leave your answer in terms of combinations and factorials.

//(\f Cxﬁh é/

| \,, *Cs t!x 6.
\\x/ . /

\__End%uesnon 14
3 & " ‘,E? 7
f E—f - 7 J‘f {_Q _ This question was done well. 1 mark-given for
[ 12C5 and 1 mark for the factorials. L

~13-



Question 15 SOLUTIONS
(@ The expansion of (1+ 1] IS
I
I I I I
1 2 r n
1+ -+ F +ot
I I I I
Q) Show that the (r + 1)th term, T__ in the expansion can be written as 3

33

nCr
Tr+1_ nr
n!
_(n—r)!r!nr
1 n! 1
=—X X —
rt (n-r)t n'
_ixnx(n—l)x(n—2)><...><(n—r+1)(n—r)!xi
r! (n—r)! n'
_lxnx(n—l)x(n—2)><...><[n—(r—1)]
r! n'
1 n n-1 n-2 n—(r-1)
=X —X——X—— X, X———=
r‘ n n n n
=£><(l—1 x(l—gjx...x(l—gjx(l—r—_lj
r! n n n n
Comment:

There was a lot of confusion about what T,+; meant.

Some took it as referring to a power of n, and hence there was a lot of fudging.
If a student got T,+1 wrong it was very hard for the student to get any marks.

A lot of students just ignored the information in the question and started the problem they

wanted to and so they shouldn’t be surprised if they lost marks.




Question 15 (continued)

n+1
(@) (i) Similarly, if U isthe (1 + 1)th term in the expansion of (1+ 1] : 3

showthat U  >T

+1°

n+1 n+l n+1, n+1, n+1,
.. C C C C
Similarly, 1+1 =l ——+— 2
n n n n' n"™
n+lCr
UH—l: nl’
_ (n+D)!
nri(n—r+1)!
ixix(n+1)><...><(n—r)><(n—r+1)!
rt nf (n—r+1)!
_ix(n+1)><...><(n—r)
r! n'
:lx(1+1Jx(l)x[1—1]x(1—gjx...x(l—ﬁj
r! n n n n
Ul’+l_ 1+%
Tr+1 1_r;1
__1+d
e
>1 [r>0=1+1>14+2-1]
Ul’+l>TI’+l
Alternative 1: Alternative 2:
-~ UM:lx 1+1 X 1—l X 1—g X ... X 1—E
C, r! n n n n
Ur+1: r
n 1
1 1+H
=F( Cr+ Cr—l) zl_r_1XTr+1
n+1,
Cr—l n
:Tr+l+ N n+1
=—X
>T (n+)-r ™
>Tr+l
Comment:

Students who didn’t write out a similar expansion to part (i), were more likely to get this
question completely wrong.

It was very hard for students who carried the incorrect logic from part (i) into part(ii) to get

any marks.
There were many students who lost 6 marks, because they didn’t read the question.

— Q15 page 2 -



Question 15 (continued)

(b) A particle of mass m kg is dropped from rest in a medium which causes a
resistance of mkv, where v m/s is the particle’s velocity and k is a constant.

Q) Show that the terminal velocity, V. is givenby V. ==.

X |«

Lety=0whent=0.
Lety=v
t=0, y =0 and take y > 0 as it falls.
~.my = mg — mkv
S y=g-kv
The terminal velocity is when the particle is travelling at a constant velocity
i.e.y=V5,y=0
S g — kVT =0
. g
.o V_r = F
Comment:
Students who just started from y = g — kv with no explanation were penalised.

Students who chose to maintain their preference for downwards being the negative
direction, found it hard to get many marks in all of part (b).

(if)  Find the time taken to reach a velocity of 1v. .

Lett=T,y=3V,

——g-k

g 97

_ v

T g—kv
1 —kdv

S——X =
k g-—kv

o _ i
.-.—lj kdv :J dt
k 0 g—kV 0

—%[In(g kW) =T

=dt

dt

T :_%[In(g—kxivT)—lng]
:—%[In(g—kx%% —Ing]:—%[ln(g—% —Ing]

_ _%[m(g)— Ing |= —%In(%)

_In2
ok

— Q15 page 3 -




Question 15 (continued)

(b) (i) (continued)

Alternative
Lett=T,y= 1V,
dv
—=0—-kv
a9
dv _dt
g—kv
—lx —kdv _ dt
k g-—kv

S [ LA B
k) g—kv

.-.t:—%ln(g—kv)+C

1 1
0=—=Ing+C=C==In
gt = =g

1 1
~t=—=In(g-k =1
” n(g v)+k ng

:_iln(g—kvj
k g

- T :—iln£—g_kX;VTj

k g
_1

:_gm(gzgj

k g

1
=—Km%g)
:ilnz

k

Comment:
Some students chose to prove the formula v = %(1— e™) in part (i).

The main problems of concern in this question involved handling logarithms and index
rules.

As well, some students chose to ignore the constant of integration to their peril, when not
using the definite integral approach.

- Q15 page 4 -



Question 15 (continued)

(b) (1ii)  Find the distance travelled in this time.

Lety=Dwhent=Tandy= 1V,

dv
y=v—=g—kv
y dy g
vdv
=d
g—kv y
...lxde:dy
K g—kv
.-.Ex g —1|dv=dy
k \g—kv
oY B S dv = dy
k k g-kv
v, _ D
EJ (—gx K —1]dv:J dy
kJ, k g-—kv o

b _
:.D:ij (—Qx K —1]dv
kJ, k g-—kv

1
ZVT

—%In(g—kv)—v}

0

—%ln(g—kx%vT)—%vT —(—%Ingﬂ

- Q15 page 5 -




Question 15 (continued)
(b) (i) (continued)

Alternative

1 (g-—kv .
t=—=—1 F b

” n( ; j [ From b (i) |

;4k:m(g_“q:¢€“:g_m
g g

ng-kv=ge* =kv=g(l-ge ™)

9 —tk
V== (1-
v=1-ge™)

dx

g —tk
D9
b (1-ge™)

cx=31149ex |4 ¢
k k

Att=0,y=0

Comment:
Generally done well by most students.

— Q15 page 6 —



(c) A cube (6 faces) is to be painted using a different colour on each face.
In how many can this be done?

(1) using six colours? 2

o——o0

Consider the net of a cube. m

Fix one of the faces with a colour i.e. paint it.

o0—0

So there are 5 ways the face opposite can be painted

TrTE

Now consider one of these 5 “cubes”.

Paint one of the remaining faces

There are now 3 ways its opposite face can be painted.

There are now 2 ways to paint the remaining faces
and still end up with different cubes, due to the fact
that they can’t be rotated and get the same cube.
i.e. the two “cubes” below are different.

Total number of cubes=5x3x2 =30

- Q15 page 7 -




()

0] Alternative

Place the die on a surface. There are 5 possible numbers for the top face.
Now there is a ring (circle) of 4 faces which can be arranged in 3! ways.

|
~.thereare 5x 3! = o =30 ways.
6x4

(in) using eight colours?

8 . .
There are (6) = 28 to choose the six colours to paint the cube.

From (i), having got 6 colours then there are 30 ways to paint the cube.

.. there are 28 x 30 = 840 ways to do this.

Comment:
Most students were awarded a mark in part (i) if they provided some logic or their

calculation showed some discernible logic.

It was surprising though that most students couldn’t see that the best way to do part (ii).

— Q15 page 8 —















